An analytical theory for spacecraft motion close to synchronously orbiting and rotating planetary satellites is provided. The ratio rotation rate of the satellite mean motion of the orbiter is the small parameter of the theory. A double-averaging over the mean anomaly and the argument of the node reduces the problem to one degree of freedom in the eccentricity and the argument of the periapsis. The theory is based on the Lie-Deprit perturbation method, which permits recovering the short-and long-period terms through explicit transformations. An application to the computation of (unstable) science orbits is presented, a case in which the transformation equations admit dramatic simplifications.
Introduction C
ONCERNING the search for life on the solar system, planetary satellites are pointed to as major targets by the scientific community. Mapping missions require low-eccentricity and highinclination orbits close to the central body, a kind of orbit that is known to be unstable for planetary satellites. The main perturbations in the motion around planetary satellites arise from the nonsphericity of the central body and the planetary perturbation. Many natural satellites orbit synchronously the planet. Therefore, Kozai's [1] model for a lunar orbiter is well-adapted for studying the dynamics around planetary satellites [2] .
With Kozai [1] , we consider the mean gravitational field of a synchronously rotating and orbiting moon and take into account the perturbations of the third body in the Hill problem approximation. Commonly, solar system bodies show latitudinal asymmetry and we left open our theory to the inclusion of this effect, which can play an important role [3, 4] . A double average over the mean anomaly and the argument of the node reduces the problem to one degree of freedom (DOF) in the eccentricity and the argument of the periapsis. The phase space of the integrable reduced problem is made of closed curves and equilibria, the latter corresponding to trajectories that are known as frozen orbits. Using perturbation techniques based on Lie transforms [5] , the short-and long-period terms are recovered through explicit transformations.
An immediate application of our theory is found for the computation of long-lifetime science orbits. Although loweccentricity frozen orbits are known to exist for all the range of inclinations, the third-body perturbations produce unstable behavior on high-inclination orbits in a wide range of inclinations centered about polar orbits [6] . These instabilities result in relatively short lifetimes, on the order of one month [3] . As proposed in [7] , initial conditions can be chosen on the stable manifold of the desired frozen orbit. Then the explicit equations of the transformations provide initial conditions of the nonaveraged problem corresponding to nominal orbits that, in average, follow the stable-unstable manifold of unstable frozen orbits, increasing the lifetime of a science mission about a planetary satellite. An advantage of the Lie transforms approach is that it avoids the linearization procedure required by other methods to recover the long-and short-period effects missed in the averaging [7] . This paper is the last step in an effort to build an analytical theory for mission analysis of science orbits around planetary satellites. The initial studies of the double-averaged problem [6, 8] were followed by a first attempt to recover the original dynamics through explicit transformation equations [9] . However, lacking information about the short-period terms, the analytical solutions of [9] commonly require a numerical refinement of the orbital elements. The transformations for recovering both the short-and long-period dynamics were used in [10] for the first time, but being affected by negative powers of the eccentricity, their application was limited to moderate-eccentricity orbits. Transformation equations in nonsingular elements are available now up to the second order. Furthermore, for the low eccentricities and high inclinations required for science orbits, the whole sequence of transformations may be replaced by the single set of simplified transformation equations provided in this paper.
Dynamic Model and Perturbation Method
When considering a synchronously orbiting planetary satellite for which the equator coincides with its orbital plane, the problem is invariant in a rotating frame of reference with the origin at the center of mass of the satellite. Using Hamiltonian formulation, we write
where x x; y; z is the position vector of the orbiter, r kxk, X X; Y; Z is the vector of conjugated momenta (velocity in the inertial frame), ! is the angular velocity of the satellite around the planet, is the satellite's gravitational parameter, and the perturbing function R includes the third-body and nonsphericity perturbations. In projective coordinates r (u x=r, v y=r, and w z=r), the perturbing function is
with ! k!k. For the nondimensional part N of the potential, we take
where the scaling factor is the equatorial radius of the planetary moon, and J 2 , C 2;2 , and J 3 are the oblateness, ellipticity, and latitudinal asymmetry coefficients, respectively. The projective coordinates are expressed in polar nodal variables:
u cos h cos cos I sin h sin v sin h cos cos I cos h sin ; w sin I sin
where h is the argument of the node in the rotating frame, I is inclination, f g, g is the argument of the periapsis, and f is the true anomaly. The Hamiltonian equation (1) is expressed as a perturbed twobody problem: in which, usually, one variable is eliminated after truncation up to a certain order. The transformation is constructed term by term using the recurrence
Terms H i;0 are obtained by simply replacing old with new variables in the corresponding terms H i ; the structure f; g stands for the Poisson bracket:
where F and G are generic functions of the variables y x; X (coordinates x and conjugate momenta X), and the coefficients W i define the generating function of the transformation by its series expansion:
The transformation equations y X 
Double-Averaged Problem
For our perturbation theory, we use Delaunay-type variables ', g, h, L, G, and H, where ' is the mean anomaly and the momenta are functions of the orbital elements:
The average over the mean anomaly is performed up to the third order by a Lie transform:
We start the algorithm by transforming the Hamiltonian equation (5) is constant in the truncated Hamiltonian equation (14) . Therefore, the formal parameter is not needed any longer, its role being assumed by the real parameter:
Then we write the Hamiltonian (14) in the double-prime variables as for averaging the mean anomaly and W h for the elimination of the node, can be found in Appendices A and B.
The double-averaged Hamiltonian equation (19) represents a 1-DOF integrable system in the argument of the periapsis and the modulus of the angular momentum vector. The phase space of the integrable reduced problem is made of closed curves and equilibria, the latter corresponding to trajectories that are known as frozen orbits. 
Transformation Equations
Thus, for given initial conditions 00 in the double-averaged problem, we undo the second transformation 0 00 " 00 "
by computing the first-and second-order corrections 00 n 00 ; W (21) equations that supplement those published in [9] with the correction to the mean anomaly. The second-order corrections of the second transformation involve many more terms and are in Appendix C.
Once we recover the long-period perturbations, we can proceed with the next transformation to get the initial conditions in the original problem. 
for which the coefficients F l;m;n and U l;m;n are given (without primes) in Table 1 .
The transformation equation for H and h, Eqs. (22) and (23), are the shortest Poisson series involved in recovering the short-period effects. Other transformation equations have hundreds of terms and these are omitted, for brevity.
The full transformation equations are, of course, required for computing ephemerides from the analytic theory. However, relevant applications to mission design only require choosing initial conditions from the double-averaged problem and computing the corresponding conditions in the original nonaveraged problem. In such cases, for given values of the integrals L 00 and H 00 , a point (g00 and G 00 ) of the double-averaged problem maps onto a torus of the nonaveraged problem. This means that we are free to choose any value of h 00 and ' 00 for computing the initial conditions in the original problem. We will show that a careful selection of h 00 and ' 00 dramatically simplifies the transformation equations. First of all, the mean anomaly is not an argument of the second Lie transformation equations (17-21) and (C1-C6), because it is cyclic after the Delaunay transformation. Therefore, one can trivially set ' [12] [13] [14] . Following [12] , we use the set (F, C, S, L, H, and h), where F ' g is the mean distance to the ascending node, and C e cos g and S e sin g are semi-equinoctial elements.
As for the Hamiltonian, the Lie transform applies to any other function of the coordinates and momenta. Therefore, Deprit's recurrence equation (12) is at hand again to build the transformation equations for F (respectively, C and S) by simply replacing H i;j with 
The high-inclination, low-altitude orbits required by science missions around planetary satellites are known to be unstable. To maximize the orbit lifetime with minimum control, tours on the stable-unstable manifold of selected frozen orbits in an averaged model have been proposed [7] . The stable-unstable manifold tours can also be designed in the nonaveraged problem [15] , in which simple repeat-ground-track orbits were demonstrated to be a feasible option, enjoying long lifetimes even in ephemeris models [16] .
To move in average on the stable manifold of an unstable frozen orbit one could choose initial conditions directly from the averaged problem. However, the long and short-period effects that are missed in the averaging will prevent, in general, the desired result. A linearization of the problem allows to compute first-order corrections to recover the averaged effects [7] . On the contrary, the linearization is unnecessary when performing the averaging by Lie transforms. The explicit transformation equations from the averaged to the nonaveraged problem are available as power series in the small parameter. The transformation equations of the elimination of the node allow to recover the long-period perturbations, and those of the averaging of the mean anomaly incorporate the short-period effects.
The computation of stable-unstable manifold tours requires only to choose initial conditions from the double-averaged problem and compute the corresponding ones in the original, nonaveraged problem. Then, in addition to Eqs. (17-21) and (C1-C6), the reduced version Eqs. (24-29) of the first Lie transformation are enough for our purposes. Furthermore, for the low eccentricity and high inclination required by mapping orbits one can neglect higher-order terms, highly simplifying the transformation equations. Thus, up to the second order of this paper, for small enough h 00 and ' 00 after trivial simplifications, one finds 
As before, the eccentricity appears in denominators of the transformation equations of the mean anomaly and argument of the periapsis, and the set F; C; S; L; H; h of nonsingular elements is recommended for very low-eccentricity orbits, where The corresponding flow in the double-averaged phase space is illustrated in Fig. 1 , in which the dotted contour corresponds to the Hamiltonian value K 00 of the reference, frozen orbit, and its stable and unstable manifolds obtained after introducing the values of Eqs. (45) and (46) in Eq. (16) .
In this flow, orbits with e > 0:071 impact Europa. We fix an initial eccentricity e 00 0:01 and solve Eq. (16) nonaveraged problem. In both cases the orbit follows roughly the stable-unstable manifold path and impacts the surface of Europa after about eight weeks, remaining with e 0:01 around four weeks. However, the latter result in h 0 ' 0 0, allowing us to use the simplified first-or second-order Eqs. (35-40) and (44) for the transformation from the double-averaged to the nonaveraged problem.
Thus, the first-order corrections of Eq. (44) provide initial conditions of an orbit of the original problem that, in average, evolves much closer to the manifolds of the double-averaged problem, improving lifetime up to more than 16 weeks, approximately 12 of which the eccentricity is below the initial value. An impressive improvement is found when using Eqs. (35-40) instead of Eq. (44), remaining four months and a half with e 0:01 and with more than five months lifetime. Table 2 summarizes the orbital elements after the different corrections, and Fig. 2 shows the radius evolution in the three different cases. The final evolution of the orbit in the reduced phase space is presented in Fig. 3 .
Central Body with Latitudinal Asymmetry
We choose the same values of the parameters L 00 and H 00 given in Eq. (45) and, consequently, the values of 00 , " 00 , and 00 given in Eq. (46). The latitudinal asymmetry makes evident by a nonzero J 3 value. Lacking of information about Europa's J 3 and with the only purpose of providing an example we choose J 3 2 10 5 , which results in 1 clearly satisfying the requirements of our theory of being a third-order effect.
A detail of the reduced phase space of this example is illustrated in Fig. 4 in which we clearly appreciate an unstable frozen orbit with small but nonzero eccentricity and argument of the periapsis at =2. The dotted line corresponds to the stable and unstable manifolds of the frozen orbit.
To show the utility of the simplified formulas in nonsingular elements, we apply them to transform the initial conditions of the frozen orbit e 00 0:00270285 and g 00 =2, instead of choosing an orbit of the stable manifold with higher eccentricity. Without undoing the transformations, the propagation of corresponding initial conditions in the original problem results in an impact orbit on the surface of Europa after about 46 days. However, after computing second-order correction using the nonsingular simplified transformation equations (35), (37), and (40-43) for the double-averaged elements F 00 g 00 , C 00 0, S 00 e 00 , and h 00 0 and the values of L 00 and H 00 given in Eq. (45), the orbit remains with almost constant eccentricity for about four months and impacts Europa one month later. Table 3 presents initial conditions taken from the double-averaged problem and those after recovering the long and short-period effects. Figure 5 shows the radius evolution in both cases.
We must say that our theory does not provide any control over which branch of the unstable manifold will escape the orbit. Strategies based on the introduction of small corrections to the argument of the periapsis may be developed to provide such a control [7] .
Tests on a variety of examples (including both cases J 3 0 and J 3 ≠ 0) show that lifetimes can vary, ranging from around four months to the impressive performances of the examples provided. But improvement is always found when using either the full or the simplified transformation equations for computing initial conditions of the nonaveraged problem. Note that we do not claim to find the longest lifetimes orbits. Because of the importance of higher-order effects in the unstable dynamics, longer lifetimes may be obtained either analytically with a higher-order theory, or numerically with a final tuning of the argument of the periapsis [7] . Alternatively, unstable repeat ground track orbits of the nonaveraged problem were demonstrated to be a feasible option, enjoying long lifetimes even in ephemeris models [16] . 
LARA

Conclusions
Future missions to planetary satellites shall deal with unstable dynamics. Accurate values of the harmonic coefficients of prospective planetary satellite targets will not be definitely known until the orbiter performs a variety of measures as part of the science mission itself. Therefore, literal expressions coming from analytical theories may help in the design of science missions. Notably, certain maneuvers are easily designed in the double-averaged problem, and the evaluation of the simplified transformation equations of the averaging given in this paper provides accurate initial conditions in the nonaveraged problem in a straightforward way.
The theory presented here is complete up to the second order in the small parameter. However, it must be noted that second-order terms produce first-order corrections to the argument of the periapsis of low-eccentricity orbits, which is a highly sensitive element when dealing with the stable-unstable manifold dynamics. Analogously, second-order corrections to the argument of the periapsis of loweccentricity orbits are expected from third-order terms, and it may worthwhile to develop a higher-order theory than that presented here.
Appendix A: Averaging the Mean Anomaly
The Hamiltonian equation (5) 
We choose H 0;2 hH 2;0 i ' 0 as the average of H 2;0 over the mean anomaly ' 0 , which is an implicit variable in H 2;0 . Part of the perturbing function is directly proportional to r (third-body contribution) and part is inversely proportional to it (nonsphericity effect). Therefore, it is convenient to compute the necessary quadratures in two steps: 
for which the coefficients F l;m;n and U l;m;n , are given (without primes) in Table A1 .
Despite pursuing a second-order theory, it will be soon apparent that the third-order term of the averaged Hamiltonian over the mean anomaly is necessary if we want to reach the second order in the 
After truncation to the third order, the double-averaged Hamiltonian equation (16), 
